Abstract. A factoring and block elimination method for the fast numerical solution of block five diagonal linear algebraic equations is described. Applications of the method are given for the numerical solution of several boundary-value problems involving the biharmonic operator. In particular, 22 eigenvalues and eigenfunctions of the clamped square plate are computed and sketched.
Introduction.
The system of linear algebraic equations Each of the matrices A{, Bit C,, Dt and E{ has p( rows and each of the matrices .E,_2, £>,_!, C, Bi+1 and Ai+2 has p< columns. Thus, the main diagonal matrices C, are square and M is square of dimension v = XXi P>-Linear algebraic equations of the form (1.1) are obtained, for example, from difference approximations of boundary-value problems for fourth-order elliptic partial differential equations. A specific example is (1,2a) A2w = -4-+ jTTj + -v = r(Jt. jO, in ä, cU d* dy dy (1.2b) H> = n-Vw = 0, on B.
Here, J? is a region of the x, y plane, 7i is the boundary of R, n is the unit vector normal to B and r(x, y) is a prescribed function on R. When J? is a rectangle and the standard 13-point difference approximation of the biharmonic operator is employed, then (1.2) is equivalent to the algebraic system In (1.3b), we have applied the notation of (1.1b) to scalar matrices. Other difference approximations of (1.2), which may be obtained, for example, by the finite element method, may also yield algebraic equations of block five diagonal form. Specifically, the algebraic equations obtained from the 25-point difference approximation of (1.2) are of the form (1.1).
There are nonlinear problems and more complicated linear problems which involve coupled systems of equations like (1.2), cf. Section 6. Approximate solutions of these problems can be obtained by iterative procedures. Then, at each step, (1.2) must be solved one or more times, r being determined from the previous iterates. Since many iterations may be required for convergence, methods for the fast numerical solution of (1.2), and therefore (1.1), are desirable. In this paper, we present such a method. It is a direct method which is an extension to block five diagonal matrices of the factoring method previously suggested for block three diagonal matrices [1] .
The unit inversion time for the solution of (1.1) by this method is significantly less than that for iterative methods such as the alternating direction method [2] . This speed is achieved at the expense of large fast-access memory storage requirements. In Section 3, we present a modification of the method by applying a block elimination procedure which reduces the storage requirement. This procedure is related to the one proposed for harmonic boundary-value problems [3] .
Applications of the factoring and block elimination methods are given in Sections 4-6. In Section 4, the numerical results are compared with exact solutions and with numerical solutions obtained by other methods. In Section 5, we apply the present methods and Richardson's mesh extrapolation procedure to obtain accurate estimates of 22 eigenvalues (counting multiplicities) and eigenfunctions for the flexural vibrations of clamped, square, elastic plates. The first 6 eigenvalues are in excellent agreement with the results of the Ritz method [4] , [5] . However, the present numerical results show that the principal eigenfunction has nodal curves near the corners of the plate. This seems not to have been observed previously. Finally, in Section 6, we obtain numerical approximations for the lowest eigenvalue of the shallow, clamped cylindrical panel. They are in excellent agreement with the values obtained by the perturbation method described in the Appendix. Another application of the method is given in [6] .
The Factoring Method.
We factor the matrix M, (1.1b), into the product of an upper block triangular matrix U and a lower block triangular matrix L. That is,
where, using the notation in (1.1b), L and U are given by
The unit matrices /, are />, X p{. The matrices ait ßit y{, 5{ and n< are determined by substituting (2.2) into (2.1) and then comparing both sides of the equation. We find that a, = Ait ß, = 73, -Aiii-i, Then, (1.1) is reduced to (2.5) Lv = r.
Since the systems (2.4) and (2.5) are of upper and lower block triangular form, respectively, they can be solved directly. We partition r, v, and w into subvectors to conform with the partitioning of L and U. Then the solution of (2.5), the forward sweep, is Thus, only the intermediate matrices yjl, ßi, Ait 5,, and ?), are required to determine w. In the repeated solution of (1.1) for different vectors r, these matrices need only be computed once. To achieve greater speed in the computations, they are stored in the fast-access (core) memory of the computer. The solution formulas (2.6) and (2.7) involve only matrix-vector multiplications for which efficient machine language subroutines have been developed.
We shall use a unit inversion time r to discuss the efficiency of the method. It is defined as the time required to evaluate w from (2.6) and (2.7) for a fixed vector r. Thus, t does not include the computing time necessary to generate and factor M, since this occurs only initially.
The large storage requirement is clearly a disadvantage of the method, since it restricts the size of the matrix M which can be considered. The intermediate matrices could be stored in a slow-access memory device such as a tape or a disc. Then, significantly larger matrices could be accommodated, but the large increase in t would be inconsistent with the purpose of the method.
To give an indication of typical storage requirements, we consider the system (1.1), (1.3). Since A( = F, = I, and 17, = 771, we need store only the matrices ß{, 7~\ and St. The total storage requirements for these matrices, when p = q = 25 are 15000, 15625, and 15000 words, respectively.2
The speed and accuracy of the method were evaluated by obtaining numerical solutions of several boundary-value problems involving the biharmonic operator on the unit square. In all problems, the boundary conditions (1.2b) were satisfied and the 13-point biharmonic approximation was employed. For other boundary conditions, such as w = wnn = 0, where wnn indicates the second normal derivative, it may be possible to factor the biharmonic operator into the product of two harmonic operators. Then, the solution could be obtained by successively inverting two-block three-diagonal systems.
3. The Block Elimination Procedure.
We shall describe the elimination procedure for (1. Here, B and C are not necessarily the matrices defined in (1.3b). We denote this special system by
The matrices defined in (1.3) are included in (3.1). We shall first eliminate the even indexed subvectors w2, w4, • • ■ from (3.2). Since we may wish to repeat the procedure, it is convenient to simplify the elimination formulas by assuming that q is odd and given by (3.3) «=2*4-1.
We consider the equations in Here, To solve (3.7) by the factoring method, it follows from (3.1), (2.6), and (2.7)
that we must store 3qi+1 -2 matrices, each of dimension p2. In addition, we must store 8(j + 1) matrices, of dimension p2, of (3.10) and (3.11). They are required to form r\ • • • , r'+1 and to restore the eliminated subvectors. The elimination reduces the number of matrices for the factoring method at each step by (#, -l)/2. However, the addition of 8Q' + 1) new matrices makes the reduction uneconomical after very few steps. A further consideration is that the matrices may become ill-conditioned for j sufficiently large. Numerical solutions of Problems Bj and B2 were obtained by the factoring method with a mesh width of 5 = 1/26 and the results were compared at the mesh points with (4.2). The pointwise error is defined as the difference between (4.2) and the numerical values, divided by the maximum value of (4.2). The maximum errors for Problems Bx and B2 occurred at the center x = y = 1/2 and were 1.13% and .98%, respectively. Numerical solutions of Problems Bj and B2 were obtained also by using the 25-point difference approximation of the biharmonic operator. Little or no improvement was obtained in the accuracy.
To evaluate the speed of the method, we considered (1.2) on the unit square with
The solution of this problem is unknown. Numerical solutions were obtained in [2] using the alternating direction method. We repeated this calculation with 5 = 1/26 and the iteration parameters that are suggested in [2] . The convergence criterion was * All the computations were performed on the CDC 6600 computer at the AEC Computing and Applied Mathematics Center of the Courant Institute of Mathematical Sciences. (4.4) max \w*f -w?,'! < e.
Here, w" is the mesh function corresponding to w(x{, >>,); the superscript on wtt indicates the cycle number [2] ; the maximum in (4.4) is taken over all mesh points; and e is a prescribed small number. For « = 10"5, the difference in the results for the present and the alternating direction methods were less than .03%. For t = 10~", better agreement was obtained. For € = 10"5 and « = 10"9, 6.6 and 11 seconds of computing time were required, respectively, to satisfy (4.4). By comparison, the" unit inversion time for the factoring method is t = .09 seconds. Thus, if comparable accuracy is desired, the alternating direction method is 60 to 100 times slower than the factoring method. However, it is important to observe that finer mesh widths, e.g., 5 = 1/80, can be employed with the alternating direction method. It was possible to obtain 5 = 1/32 with the factoring method alone, and 5 = 1/40 and 8 = 1/46, using the block elimination procedure once and twice, respectively. We have made the comparison with the alternating direction method since it seems to be the most efficient method previously presented in the literature for the solution of biharmonic boundary-value problems. Elementwise, Gauss elimination methods, using the sparseness of M and its submatrices, might be competitive or superior to our method. However, applications of such methods to the system (1.1), for the size of M that we consider, have not, to our knowledge, been reported in the literature. We assume that the eigenfunctions are normalized so that (5.2) \\w\]* m fj w2 dx dy = 1.
The integral in (5.2) and all subsequent integrals are over R. If X is an eigenvalue and w is an eigenfunction of (5.1), then (5.3) X = k(w) = jj (Aw)2dxdy.
JJ
We denote the eigenvalues of (5.1), counting multiplicities, by X1; X2, • • ■ , and the corresponding eigenfunctions by w(l)(x, y), w<2)(x, y), • ■ ■ . We determine them numerically by an iterative procedure that is related to the power method [7] . Thus, we suppose that the first n -1 eigenvalues and eigenfunctions are known. Starting from an initial estimate w0n), we define a sequence of iterates X,,,, X",2, Richardson's mesh extrapolation procedure [7] was used to obtain an improved approximation of the eigenvalue. That is, if X" (5) is the converged numerical value with mesh width 8 for the nth eigenvalue, we assume that (5.7) X"(5) = X" -f ah2 + bb* for some constants a and b. Here, X" is the Richardson approximation of the eigenvalue. We determine X" by substituting the three values of K(8) and 5 into (5.7). For n < 13, (5.4a) was solved by the factoring method alone. For n ^ 13, the block elimination procedure was required because of the additional storage needed for the projection calculations (5.4b)-(5.4d). The number of iterations that are required to satisfy (5.5) depends on the values of h and n, and on the initial guess w(0"}. The number of iterations usually increases with n. From 7 to 31 iterations were required to satisfy (5.5). For 8 = 1/32, the unit iteration time for the first eigenvalue was approximately .1 seconds. The unit iteration time increases with n because of the additional projection calculations (5.4b) and (5.4d). The computation of 20 eigenvalues required a total of 381 iterations which used approximately 4 minutes of computing time. According to the estimates described in Section 4, the same results would require approximately 45 minutes if the alternating direction method were employed.
To test the accuracy of the numerical method (5.4)-(5.7), we applied it to the solution of the biharmonic eigenvalue problem consisting of (5.1a) on the unit square and the simply supported boundary conditions, w = wnn = 0. The eigenvalues and eigenfunctions of the simply supported plate are known explicitly. They are A comparison of the exact (5.8) and the numerically determined eigenvalues is presented in Table I . Similar accuracy need not occur for the clamped plate. We observe that the accuracy decreases as n increases, i.e., as the number of waves in the eigenfunction increases.
The results for the clamped plate (5.1) are summarized in Table II . They are compared with the results of the Rayleigh-Ritz calculation in [4] , [5] and the asymp- [8] . The eigenvalues of the simply supported plate are also shown in Table II . Of course, there may be other eigenvalues between the ones shown in Table II that we failed to determine with our numerical methods. Multiple eigenvalues are denoted by an asterisk. All multiple eigenvalues that were found had multiplicity two. Multiple eigenvalues were not discussed in [4] , [5] , [8] . corresponding to the lowest eigenvalue as the principal eigenfunction. It is important to observe that the numerically determined principal eigenfunctions for the meshes 8 = 1 /32 and 5 = 1 /26 have nodal curves near the corners of the plate.5 The existence of nodal curves for the principal eigenfunction was not reported in [4] , [5] , [8] . Since these nodal curves are close to the corners, we further studied their occurrence by three special computations. First, we solved (5.1) by the iterative method (5.4)-(5.7) using a 8 = 1/80 mesh and the alternating direction method. We found that the nodal curves extended to approximately 1/20 of the length of a side. For this mesh, there were a total of 10 mesh points between each nodal curve and the corner. The amplitudes of the solutions in these corner regions were small and opposite in sign to the solution in the center of the plate.
In the second computation, we used the numerical method to determine the lowest eigenvalue X and principal eigenfunction of (5.9) A2m> -TAw = \w, w = n-Vw = 0 on B.
The eigenvalue problem describes the flexural vibrations of stretched, clamped, square elastic plates [9] . T is the prescribed uniform stretch on the boundary of the plate. When T = 0, (5.9) is reduced to (5.1). If T < 0, the plate is uniformly compressed. We determined the principal eigenfunction of (5.9) numerically for a de-creasing sequence of T values starting at T = 5w2. For 5 = 1/32, it was free of nodes for T = 5ir2. For T < 44, nodal curves occurred in the corners. The nodal curves moved very slowly into the interior of the plate and the amplitude near the corners increased as T decreased. For T = -50, the nodal curves extended to approximately 3/32 the length of the edge.6
Finally, we considered the intermediate eigenvalue problem, (5.10) A2w = Xtv, w = (1 -e)wnn + en-Vw =0 on B,
for the square plate. The boundary conditions in (5.10) correspond to an edge that is elastically restrained against rotation. When e = 0 or « = 1, (5.10) is the eigenvalue problem for the simply supported or the clamped plate, respectively. The parameter e is related to the rotational spring constant of the edge. We determined the principal eigenfunction of (5.10) numerically for a sequence of values of «. The principal eigenfunction was free of nodes for e < .996 and corner nodal curves appeared for e Si .996. Thus, the occurrence of nodal curves depends strongly on the rotational stiffness of the boundary. The computations demonstrate the existence of nodal curves for the principal eigenfunction of (5.1) for the square plate. Since the results are numerical and the amplitudes are small near the corners, a rigorous proof of the existence of the nodal curves is still required. 7 We recall that Weyl and Courant [10] have shown for a class of second-order elliptic eigenvalue problems (including the vibrating membrane) that the principal eigenfunction is always free of nodes.
Dufhn and Shaffer [11] announced that for the vibrating annular plate with clamped inner radius rQ and clamped outer radius I, the principal eigenfunction has a diametral nodal line if r0 is sufficiently small. Specifically, they found that r0 must be < 1/715. This seems to be the only previous example of a domain for which the principal eigenfunction of the mathematical problem (5.1) has nodes.
Rayleigh [12] conjectured and Faber [13] proved that, of all vibrating membranes of given area, the circular membrane possesses the smallest principal eigenvalue. Szegö [14] proposed that a similar result holds for (5.1), i.e., of all clamped vibrating plates of given area, the circular plate has the smallest principal eigenvalue. To prove this theorem, Szegö assumed that the principal eigenfunction of (5.1) has no internal nodes. Our results suggest that this assumption is invalid and that the proof is incomplete, although the theorem may be correct.
5.2. Properties of the Spectrum. We observe that the eigenfunctions shown in Figs. 1 and. 2 may be classed in three groups according to the properties of their nodal lines:
(1) Eigenfunctions 1, 4, 11 and 20 have an equal number of nodal lines parallel to the x and to the y axis. They correspond to simple eigenvalues.
(2) Eigenfunctions 2-3, 7-8, 9-10, 14-15 and 18-19 have nodal lines parallel to the x and y axis. However, the number of nodal lines, Nx and Nv, in the two directions is different. In addition, (Nx + N") is odd. They correspond to double eigenvalues. Table II ). We refer to them as weakly simple pairs. The member of each pair with the lower eigenvalue has two diagonal nodal lines. For even values of Nx + Nv, eigenfunctions only with nodal lines parallel to the x and y axis were not determined. Bolotin's method fails to approximate the eigenvalues corresponding to the eigenfunctions with two diagonal nodal lines.
We observe, by comparing the eigenvalues of the clamped and simply supported plates in Table II , that to every simple eigenvalue of the simply supported plate, there corresponds a simple eigenvalue of the clamped plate. To every double eigenvalue of the clamped plate, there corresponds a double eigenvalue of the simply supported plate. However, every double eigenvalue of the simply supported plate need not correspond to a double eigenvalue of the clamped plate. In fact, we see from Table II that there are double eigenvalues of the simply supported plate, e.g., n = 5 and 6, which apparently split to form weakly simple pairs of eigenvalues of the clamped plate.
To further study the splitting, we numerically determined the variation with a of the eigenvalues of (5.10) which coalesce to the double eigenvalue n = 5, 6 for « = 0 and split to the weakly simple pair n = 5 and « = 6for«=l.
The results are summarized in Table III . We observe that the double eigenvalue apparently 6. Natural Frequencies of Clamped Cylindrical Panels. We consider a thin circular cylindrical panel of radius of curvature a, thickness h, axial length L and circumferential length ad0. The natural frequencies and modes of the panel are obtained from the eigenvalues X and eigenvectors [w(x, y), f(x, y)] of (6.1a) A2w> = K1XX + Xvf, A2/ = -w", for x, y in R, ■ (6.1b) w = n-Vw = / = n-V/ = 0, for x, y on B.
The parameter K is defined by ,, , .
The region is the rectangle: 0 t$ y ^ 1, 0 ^ * g / = L/(a60), where x and j> are dimensionless axial and circumferential coordinates. The conditions (6.1b) imply that the boundary is clamped and stress-free with respect to the midsurface stresses.
If K = 0, e.g., a -* oo with (ada)2/h fixed, the differential equations in (6.1a) uncouple. The first equation in (6.1) is then equal to (5.1a).
We assume that the eigenfunctions of (6.1) are normalized so that (6.2) IIHI2 = ]] yfdxdy -1.
The eigenvalues and eigenfunctions are related by
We observe that A0 = A, which is defined in (5.3).
Approximations of the eigenvalues and eigenvectors of (6.1) were obtained by iterative and numerical methods analogous to the ones used in the previous section for the flat plate. For simplicity, we shall only consider the lowest eigenvalue. All the calculations were made for the square panel, / = 1. The Richardson approximation of the eigenvalues, Xi, are summarized in Table IV . Usually, eight iterates were required for convergence. The unit iteration time is slightly larger for this problem since it involves the solution of two biharmonic problems at each step.
In Table IV , we also list the approximations of Xi obtained by a perturbation expansion for small K, i.e., an expansion in the neighborhood of the flat plate. The perturbation method is described in Appendix A. The agreement between the perturbation and numerical methods is excellent even for "large" values of K. The results indicate that the lowest eigenfunction also has nodal curves near the corners of the panel.
Appendix A. The Perturbation Method for the Shallow Cylindrical Panel.
We assume that for small AT the lowest eigenvalue and eigenvector of (6.1) For the square plate, we obtain XU) .1163611, and (A.7) \(K) 1294.88 4-(.1163611)*.
Notes Added in Proof. 1. We have numerically solved the eigenvalue problem (5.1) for the clamped, rhombic plate with a 60° corner angle using the methods described in Section 5. The numerical principal eigenfunction had nodal curves near the 60° corners and no nodal curves near the 120° corners. The nodal curves occurred further away from the corners for the rhombic plate than for the square plate. The
